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Implicit Lagrangian equations and the mathematical 
modeling of physical systems 
Luc Moreau and Arjan J. van der Schaft 
Abstmct- We introduce a class of optimal con- 
trol problems on manifolds which gives rise (via 
the Pontryagin maximum principle) to a class of im- 
plicit Lagmngian systems (a notion which is introduced 
in the paper). We apply this to t h e  mathematical  
modeling of interconnected mechanical systems and 
mechanical systems with singularities. 
Keywonis- Lagrangian and Hamiltonian dynam- 
ics, Dirac structures,  modeling, physical systems. 
I. INTRODUCTION 
Lagrangian and Hamiltonian dynamics continue to at- 
tract a large amount of attention in the engineering liter- 
ature, partially because many mechanical and electrome- 
chanical systems may be modeled within this framework 
and also because a number of successful control algorithms 
are available for these classes of systems; see, e.g., 1131, [19], 
During the past ten years, a far-reaching generalization of 
the Hamiltonian framework has been developed in a series 
of papers, including 1111, [ZO], 1171, 161, 181, [18], 131. This 
generalization, which is based on genernfued Dime S ~ N C -  
turn, explicitly takes into account the modular structure 
characteristic of many engineering systems, and gives rise 
to implicit Hamiltonian system. (See [lo] for applications 
in the study of electrical power converters and [19], 1151 for 
a more general control perspective.) 
The aim of the present research is to contribute to a a m -  
plementary theory of implicit Lagrangian systems, follow- 
ing the line of research initiated in 1121. In that paper it is 
shown that, for the particular class of electrical inductor- 
capacitor circuits, the implicit Hamiltonian models from 
1111, [ZO], 161 have a Lagrangian counterpart and a a r r ~  
sponding variational interpretation. The variational inter- 
pretation is based on the maximum principle [16] of opti- 
mal control theory, which may be seen as a generalization 
of the classical theory of the calculus of variations. The 
approach in 1121 is limited to canstant Dirac structures on 
vector spaces. 
In the present paper, we extend the approach of 1121 from 
vector spaces towards manifolds. We show how a class of 
optimal cantrol problems on manifolds gives rise to a class 
of implicit Lagrangian systems (the notion of implicit La- 
grangian system is introduced in the paper) with respect 
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to generalized Dirac structures on manifolds. The varia- 
tional interpretation is important, as it provides a system- 
atic approach for deriving the equations of motion. The 
obtained implicit Lagrangian models may, under appropri- 
ate invertibility conditions (concerning a Legendre t r ans  
formation), be converted into implicit Hamiltonian models. 
The present research thus provides an alternative approach 
for deriving (some classes of) implicit Hamiltonian models. 
For some applications, it may be desirable to work directly 
with a Lagrangian formulation instead of an implicit Hamil- 
tonian description. This may for example he the case when 
the Legendre transformation gives rise to tedious manipula- 
tions, or when the Legendre transformation is not invertible. 
The present research provides the theoretical background 
for such a Lagrangian description. The theory is illustrated 
by means of two applications: interconnected mechanical 
systems and mechanical systems with singularities. 
We conclude this introduction with some hints for future 
research. The fact that the implicit Lagrangian systems of 
the present paper are characterized by a Dirac structure is 
very important. It suggests a modularity whereby intercon- 
nections of implicit (or classical) Lagrangian systems might 
again result in implicit Lagrangian system. This could be a 
subject of further research. The ultimate goal of the present 
research is to provide models that are useful for control de- 
sign purposes. However, none of the Lagrangian control 
algorithms reported in 1141, 151, 141 applies directly to the 
present class of implicit Lagrangian systems. The gener- 
alisation of these control algorithms therefore remains an 
important topic for further research. 
The paper is organized as follows. In Section I1 we in- 
troduce an optimal control problem and in Section I11 we 
discuss the Lagrangian and Hamiltonian nature of equations 
associated to this optimal control problem. In Sections IV 
and V we present two applications. 
11. AN OPTIMAL CONTROL PROBLEM 
We introduce the optimal cantrol problem that (un- 
der appropriate assumptions) will give rise to implicit La- 
grangian systems. Before we state this optimal control 
problem, we introduce some notation. 
Let X be B smooth n,-dimensional manifold (n. E N). 
We consider a control system on X 
d = E.(z)u. (1) 
where El, , . . , E,, are smooth vector fields on X (n. E W). 
(Throughout the paper we adhere to the summation con- 
vention according to which indices that appear twice in 
the same term are automatically summed over. In equa- 
tion (l), for example, G(z )u .  is a short-hand notation for 
E. Eo(z)~a.) 
Let V be a vector bundle over X with nu-dimensional 
fibers (nu E N). We associate with every stateinput pair 
(x, U) an element U of V according to 
U = F.(z)u. (2) 
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where F,, . . . , F,, are smooth sections of V. 
Let L be a smooth real-valued function on V .  We are 
interested in the following optimal control problem: among 
all piecewise continuous control inputs U : [ti, tr] 3 B"" 
that steer x from zi at ti to zr at t r  (zi. ti, zr, tr  are pre- 
scribed) according to the dynamics ( l ) ,  find that control 
input that minimizes J: L(v)dt where U is given by (2). 
We apply the Pontryagin maximum principle to this 
problem and we study the Lagrangian and Hamiltonian 
structure of equations that determine its noma1 Pontrya- 
gin extremals. (Throughout the paper we restrict attention 
to the normal Pontryagin extremals.) In order to carry out 
this plan, it is convenient to introduce local coordinates 
( Z , U ) = ( X I  ,..., zn,,ul ,..., u, , )onVwhere(z~  , . . . ,  z".) 
are local coordinates on X and (VI,. . . , vnv) are linear cw 
ordinates on the fibers. Formulated in terms of these local 
Coordinates, the optimal control problem becomes: among 
all piecewise continuous control inputs U : [ti, tr] - W"" 
that  steer x from zi at ti to zr at tr  according to the dy- 
namics 5< = E.i(z)u., find that control that minimizes 
J: L(z,v)dt where vm = F,,(z)u.. An application of the 
Pontryagin maximum principle yields the set of equations 
ii = E.i(z)u,, 
Here (21,.  . , zn,, < I , .  . . ,<,,=) may be interpreted as local 
coordinates on T ' X ,  the cotangent bundle of X ,  that are 
induced by the local coordinates (21,. . . , z.) on X. 
We take the deriv,ative of equation ( 5 )  with respect to 
time and eliminate < by means of equation (4). This leads 
to the set of equations 
(7) 
(81 
U, = F.,(z)u.. (10) 
The factor between brackets in the first term of the right 
hand side of (8) corresponds to t h e  coordinate expression of 
the Lie bracket of the vector fields Eb and E.. If the vector 
fields El ,  . . . , E,, form an involutive distribution, that is 
(in coordinates), if there exist scalar functions cbod(z) such 
that 
then < may be eliminated from equations (7)-(lo), yielding 
a closed system of differential and algebraic equations in x :  
u and U: 
urn = F.,(x)ua. (14) 
Finally we introduce a Legendre transformation. Let the 
variables pm (m = 1 , .  . . , n,) be defined by 
If equation (15) is solvable for v = u(x, p ) ,  we may eliminate 
U from equations (12)-(14), leading to a closed system of 
differential and algebraic equations in z, p and U :  
Here we have introduced the Hamiltonian H(x.p)  = 
Pm%(Z,P)  - L(Z,+>P)).  
111. LAGRANGIAN AND HAMILTONIAN INTERPRETATION 
In order to characterize the Lagrangian (respectively 
Hamiltonian) nature of equations (12)-(14) (respectively 
equations (16)-(lE)), we would like to give a coordinate- 
free interpretation to these equations. We are aware of at  
least two important cases where this is possible: in the case 
o f V  being a trivial bundle and in the c ~ s e  that  there exists 
a bundle homomorphism U : T X  - V such that Fa = UOE.  
(a = 1,.  . . ,nu). These two cases are not mutually exclusive. 
Rigid body dynamics modeled by Euler-PoincarC equations, 
for example, fall into both class=. Classical Euler-Lagrange 
equations on manifolds, on the other hand, falls outside the 
scope of the first case, but fits the framework of the sec- 
ond case. We focus exclusively on the second case in the 
remainder of this paper. 
We assume the existence of a smooth bundle homomor- 
phism U : T X  - V such that Fa = U o E. (a = 1,. . . ,nu) 
or, equivalently (see equations (1) and (Z)), such that 
v = u(x)5 .  (19) 
In coordinates, the assumed relation between E,  and F, 
may be expressed as 
Fai(z) = ~ , , ( x ) E . , ( z ) .  (20) 
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With equation (ZO), equations (12)-(14) reduce to 
X; = E.i(z)u., 
Urn = U"i(Z)Xi (23) 
and equations (16)-(18) reduce to 
5; = Eai(z)u0, 
A. Hamiltonian interpretation 
First, we introduce a generalized Dirac structure 'D on 
V', the dual of the vector bundle V, as fallows. (See the 
Appendix far terminology and notation.) The bundle h- 
momorphism o gives rise to a dual bundle homomorphism 
U* from V' to T'X. The pull-hack of the natural symplec- 
tic structure on T'X by means of U* defines a presymplectic 
structure w on V'. We define 'D to he the generalized Dirac 
structure on V' that is induced by the presymplectic struc- 
ture w on V' and the vector fields €1: . . . , E,,, on X. in 
the sense of Lemma 1 in the Appendix. 
Next, we introduce a Hamiltonian function H on V', as 
follows. The function L gives rise to a Legendre transforma- 
tion FL from V to V', defined (in coordinates) 85 follows: 
FL : V - V' : (2, U) c IFL(z, U) = z aL z , u )  . (27) (d ) 
This leads to the definition of a Hamiltonian function on V, 
which we denote by E :  
E : V - I : U - &(U) = (HL(v),  v )  - L(u). (28) 
Assuming that the Lagrangian L is hyperegular, that is, 
that PL is a smooth global diffeamorphism, we define H ffi 
the push-forward of E by means of IFL. 
The following theorem asserts the Hamiltonian nature of 
equations (24)-(26). 
Theorem 1. Assume that the Lagrangian L is hypemg- 
ular. Then the set of equations (24)<26) is a coordinate 
ezpression of the Hamiltonian system on V' with respect to 
the genemlited Dimc structure 'D and with Hamiltonian H :  
(ir,dH(n)) ED,, n E V ' .  ' (29) 
E. Lagmngzan interpretation 
In contrast with the previous subsection, we do not  it^ 
sume hyperregularity of the Lagrangian in the present sub- 
section. 
We introduce a generalized Dirac structure V L  on V BS 
follows. The pull-back of the presymplectic structure w on 
V' hy means of PL defines a presymplectic structure wL on 
V .  We define VL to he the generalized Dirac structure on V 
that is induced hy the presymplectic structure wL on V and 
the vector fields Et,  . . . , E,. on X ,  in the sense of Lemma 
1 in the Appendix. 
The following theorem asserts the Lagrangian nature of 
equations (21)-(23). 
Theorem 2. The set of equations (21)-(23) is a coordinate 
ezpression of the dynamics 
(fi,d&(o)) E 'Dt, U E V ,  (30) 
" = U(Z)f, z E x .  (31) 
(Here x is the notuml projection of U onto X.) If the La- 
gmngian L is regular, that w, if FL is a smooth locol diffeo- 
morphism, then equation (31) is redvndant and the implicit 
Lagrangian system (30)<31) is actually an implicit Hamil- 
tonian system on V with respect to the genemlired Dimc 
structure VL and with Hamiltonian E .  
We refer to equations (30)-(31) as an implicit Lagmngion 
system. This terminology is motivated by the fact 
that the coordinatefree description (30)-(31) resembles 
the coordinate-free interpretation of the classical Euler- 
Lagrange equation; see, e.g., [ I ,  3.5.17 Theorem]. 
C. Discusion of Theorems 1 and 2 
The Lagrangian description is more generally applicable 
than the Hamiltonian description. The interpretation of 
equations (21)-(23) as an implicit Lagrangian system on 
V does not m u m e  regularity of the Lagrangian, whereas 
the derivation of equations (24)-(26) and hence its inter- 
pretation as an implicit Hamiltonian system on V' assumes 
hwerregularity of the Lagrangian. This is because we take 
the Lagrangian L (or more generally, the associated optimal 
control problem) ffi the starting point for our derivations. 
It is clear (e.g. from equations (I), (21) or (24)) that z 
is constrained to move in a direction spanned by the vector 
fields El ,  ..., E"". The vector fields El ,  . . . ,  E,. may 
be thought of as providing m image representation of this 
constraint. This is in contrast with many studies in the 
literature (e.g. in the context of nonholonomic mechanical 
systems) where constraints are given a kernel representa- 
tion. The difference between kernel and image representa- 
tions of constraints is illustrated in Section N. (See the 
last paragraph of that section.) 
The manipulations that hsve brought us from the original 
maximum principle equations (3)-(6) to the final equations 
(21)-(23) and (24)-(26) are not standard in the optimal 
control literature. A more standard approach is to elim- 
inate (if possible) the U variable, yielding a Hamiltonian 
system on T'X. In the present paper we eliminate < (ffi- 
suming that the vector fields E,, . . . , E,. form an involu- 
tive distribution), leading to an implicit Lagrangian system 
on V and (if the Legendre transformation is invertible) an 
implicit Hamiltonian system on V * .  
The variable U in equations (21)-(23) and (24)-(26) char- 
acterizes the generalized Dirac structure, it is not a state 
variable; that is, its initial value need not he specified in 
initial value problems. 
If the vector fields El,  . . . , E,, span the complete tan- 
gent space T'X at  each z E X ,  then the generalized Dirac 
structure 'D (and 'DL) is presymplectic. This case is comple- 
mentary to the case discussed in [ Z l ] .  That paper considers 
variational problems on a vector bundle (a Lie algebmid) V 
1653 
over X that is equipped, among others, with a bundle h* 
momorphism p : V -+ TX, giving rise to a Poisson structum 
on v’. 
IV. APPLICATION 1: INTERCONNECTED MECHANICAL 
When two mechanical systems switch from a non- 
interconnected configuration to  an interconnected configu- 
ration (characterized by a holonomic constraint), the total 
number of degrees offreedom decreases. This may be taken 
into account by introducing new generalized coordinates for 
the interconnected configuration. In that approach there is 
no obvious relationship between the interconnected and the 
non-intercannected model. 
Alternatively, if a Hamiltonian description of the individ- 
ual mechanical systems is available, then the interconnected 
system may be described in terms of the original configu- 
ration and momentum variables BS an implicit Hamiltonian 
system with respect to a generalized Dirac structure that 
takes into account the interconnection constraint. 
This section illustrates that a complementary Lagrangian 
description of the interconnected configuration is possible 
in terms of the original configuration and velocity variables 
and that this description derives from a variational princi- 
ple. 
We illustrate the approach by means of an academic ex- 
ample. We consider two particles in a plane, whose uncon- 
strained dynamics are determined by their joint Lagrangian. 
As a constraint, we fix the distance bet.ween both parti- 
cles? e.g., by putting a rigid massless link between them. 
This situat,ion bears some similarity with grasping maneu- 
vers where two robot arms manipulate a common rigid light 
object. 
We identify the plane with Wz and denote the natu- 
ral coordinates on the configuration space X = Wz x W2 
by (zI.z~,z~,z~). Here 21 and 2 2  (respectively 2 3  and 
2 4 )  represent the position of the first particle (respec- 
tivdy of the second particle). We define V = W* x 
Ra x Wz x RZ and denote the natural coordinates on V by 
( % * , h , ~ ~ , = ~ , y l , 2 . 2 , ~ ~ , ~ , ~ ) .  Herev1 and vs (respectivelyzrz 
and ~ 4 )  represent the velocity of the first particle (respec- 
tively of the second particle). The bundle homomorphism 
0 is characterized by 
SYSTEMS 
(32) X.  vi - (i = 1,2,3.4).  
The unconstrained motion of the particle is determined 
by their joint Lagrangian L ( z 3 u ) .  The constraint, which 
fixes the distance between both particle, may be given the 
following image representation: 
*, = -1, 
fz = U > ,  
4 = U, + ( 2 2  - 21)u3, 
k4 = U 1  - (2 ,  - 23)213. (33) 
The dynamical behavior of the interconnected particles is 
governed by the following optimal control problem: among 
all piecewise continuous control inputs UI,UZ,UQ : [ti, tr] - 
W that steer z from zi a t  ti to zr at ti according to the dy- 
namics (33), find that control that minimizes J: L(z,  v)dt 
where v is given by (see equations (32) and (33)) 
(34) 
U, = U , ,  U3 = U, + (52 - x4)u3, 
zi2 = U2, 211 = U2 - ( 2 1  - 2 3 ) U Q .  
This yields the following implicit Lagrangian description for 
the interconnected particles: 
X 3  - XI = (21 - 54)213, 
(35) 
If 5 = p ,  is solmble for U = v ( z , p ) ,  we may rewrite this 
as an implicit Hamiltonian system 
a H  a H  p, + p 3  = -- - -a2, aZ3’ 
where H ( z , P )  =piv.(s,p) - L ( z , a ( z , p ) ) .  
The constrained models (35)-(36) and (37)-(39) differ 
from their unconstrained counterparts ( d / d t ) ( a L / a X , )  = 
aLfazi and f i  = aH/ap, ,  pi = - 8 H f a x i  only by the un- 
derlying generalized Dirac structure, but not by the vari- 
ables in t e r m  of which the Lagrangian or Hamiltonian is 
expressed. In particular, the state space for the constrained 
and unconstrained configuration is the same. 
A different treatment of the present example is given in 
[Z]:  first, a Hamiltonian input-output formulation is given 
for the forced motion of a particle (with force as input and 
velocity as output) &d secondly, forces and velocities are 
eliminated by imposing the constraint which fixes the di6 
tance between both particles. This results in an implicit 
Hamiltonian description of the constrained particles. 
The implicit Hamiltonian system of 121 differs from equa- 
tions (37)-(39) of the present paper in that we use an image 
representation of the constraint, whereas [2] uses the kernel 
representation: (zl - z3)(X1 - X 3 )  + (m - zn)(Xz -i4) = 0. 
Notice that, when we impose a zero distance between both 
particles (2,  = 2 3  and 2 2  = zq); then the image represen- 
tation yields XI = 53 and f z  = ir as expected, whereas the 
kernel representation yields the redundant equation 0 = 0. 
V. APPLICATION 2: MECHANICAL SYSTEMS WITH 
Consider a horizontal bar with mass m, constrained to 
move in the vertical direction, interconnected with a mass- 
less pendulum of length 1 and moving in a uniform grav- 
itational field characterized by the gravitational constant 
SINGULARITIES 
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9. The configuration of this system is characterized by the 
anale 0 that the pendulum makes with the vertical ax is  
Whereas the classical approach yields the Euler-Lagrange 
eauation (411 which has no obvious Hamiltonian counter- 
(Frgure 1). 
Fig. 1. Singular mechanical system 
. ,  
part, the approach from the present paper yields a La- 
grangian model (48) and a Hamiltonian model (49), both 
of which have a remarkably simple structure. 
The mechanical example of this section gives rise to  sin- 
gular differential equations. Ail the obtained models (41), 
(48) and (49) are singular when sin(0) = 0. This is due 
to the geometry of the system, but is not related to the 
precise form of the force acting on the horizontal bar. The 
purpose of our manipulations was not to remove this siu- 
gularity. Rather, we were interested in obtaining models 
whose structure truly reflects the geometric nature of the 
singularity. This is accomplished in equations (48) and (49), 
where the singularity is captured by the underlying Dirac 
structure (which is actually presymplectic in this case). 
The Lagrangian expressed as a function of 0 and 4 is given 
by 
L(e, 8) = m(1sin(e)e)2 2 + mgl cos(@) (40) 
and the corresponding classical Euler-Lagrange equation is 
mlzsin2(0)8 + rnl2sin(@)cos(e)bZ + mglsin(8) = 0. (41) 
The Legendre transformation 
(e,Q)- (e,<) = (O,ml2sin2(s)Q) (42) 
is not invertible, which complicates a Hamiltonian descrip 
tion in terms of (0,f). 
Using the approach outlined in the present paper, we 
rewrite the Lagrangian BS 
(43) 
"2 L(0,v)  = m- +mglcos(8) 
2 
with 
v = Isin(O)Q (44) 
and we associate the following optimal control problem to 
the system. Among all piecewise continuous control inputs 
u that steer 0 from 0, at ti to Or at tt according to the 
dynamics 
find that control that minimizes 
e = (45) 
where 
v = lsin(8)u. (47) 
This leads to an implicit Lagrangian description 
U = I sin(s)Q 
and an implicit Hamiltonian description 
where p = aL/& = mu and H(B,p) = & - mgl cos(0) 
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APPENDIX 
GENERALIZED DIRAC STRUCTURES AND IMPLICIT 
HAMILTONIAN SYSTEMS 
Definition 1 (Generalized Dirac structure 171, 191). 
A genemlized Dime structure on D smwth m-dimensional 
manifold A l  is a collection {V,),e~ ofm-dimensional lin- 
ear subspaces 'D, c T,M x TLM satisfying 
(LV, 4) = 0 V(W, 8) E D,. (50) 
Definition 2 (Implicit Hamiltonian system [20]) .  An 
implicit Hamiltonian system ts a triple ( M , V ,  H )  with (i) 
M a smooth finite-dimensional manifold; (ii) V a gener- 
alized Dimc stmcture on M ;  (iii) H a smooth -1-valued 
function on  A4 (the Hamiltonian). The dynamics of this 
implicit Hamiltonian system are governed by 
( m , d H ( m ) )  t V,, m E M.  (51) 
Equation (50) implies that H is conserved along solutions 
of (51). 
Definition 3 (Presymplectie structure).  A smooth 
presymplectic structure V on a smooth finite-dimensional 
manifold M is D genemlized Dime stmcture V on M 
that satisfies: (i)  V, is the gmph of a linear m a p  'Dk : 
T,M + TAM for each m E hl; (ii) the linear maps 
'Di : T,M - TAM constitute a smooth bundle homomor- 
phism 'Db : T M  - T ' M ;  (iii) Vb (viewed M a 2-fern on 
M )  is closed; that is d'Db = 0. 
In this case, equation (51) that governs the dynamics may 
be rewritten as 
d H ( m )  = 'DL(riz), m E M .  (52) 
Definition 4 (Symplectic s t ructure) .  A smooth sym- 
plectic structure V on a smooth finite-dimensional manifold 
M is a presymplectic stnrcture U on M for which Vb is non- 
degenemte; that is, for which Vb is a bundle isomorphism. 
In this case, equation (51) that governs the dynamics may 
be rewritten as 
m = Vz(dH(m)), m E M (53) 
where 'Dt  is the inverse of 'DR. 
Lemma 1. Let X be a smooth finite-dimensional mani- 
fold and M a smooth vector bundle ouer X with finite- 
dimensional fibers. Consider a presymplectic structure w on 
M and smooth vector fields El,  . . . , E,,, (nu t N) on  X .  
Associatewitheverym E M asubspaeeV, ofT,hlxTAM 
defined by 
'D, = { ( W , P )  E T,M x T A M :  W E  E, 
P - w ~ ( w )  E ann(C,)}. (54) 
(Here E, is the linear subspace of T,M obtained as the 
inverse image of span{El(n(m)), ..., E,,(n(m))} under 
the linear map T,II : T,M - Tn(,lX and ann (E,) is its 
annihihtOT, where ll denotes the natuml pmjection Jmm hf 
onto X.) This defines a Dimc structure V = {V,},,,e~, on 
M .  
It  is easy to  see that  the dimension of 'D, 
I t  is also easy to  see that 
P m f :  
equals the dimension of M. 
( W , p ) = O f o r a l l ( W , p ) ~ V , .  0 
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